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============

Quantum coherence is a fundamental notion of quantum mechanics, being not just a side result of the superposition principle but arguably one of its most fundamental concepts, with outstanding practical relevance. In fact, quantum coherence has recently been identified as a quantum resource^[@CR1]--[@CR3]^, and it was reformulated using the general framework of quantum resource theories (see, *e*.*g*., ref. ^[@CR3]^ for a comprehensive review about the different resource theories of quantum coherence and its applications).

In this work, we are interested in deterministic and exact transformations between coherent pure states by means of incoherent operations. An incoherent operation (IO) is defined as a trace preserving map that admits a Kraus representation $\documentclass[12pt]{minimal}
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Since coherence is a consequence of the superposition principle, it is important to understand how the coherence of a superposition of coherent states is related with the coherence of the superposed states. Some progress has been made in this direction. For example, for a given superposition of two coherent states $\documentclass[12pt]{minimal}
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However, this relationship is not yet fully characterized. Therefore, in this work we provide a step forward in the characterization of the relationship between the coherence of a superposition and the coherence of the superposed states. In particular, we consider the following scenario. Let $\documentclass[12pt]{minimal}
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Let us confine our problem to the case of superpositions of quantum states that belong to orthogonal subspaces. This case is particularly interesting because quantum states from orthogonal subspaces play an important role in quantum information and encoding^[@CR15]^. More precisely, we consider $\documentclass[12pt]{minimal}
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Under these constrains, the first non-trivial case for which there are pure states satisfying ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) appears when both states \|*c*〉 and \|*d*〉 have two non-null coefficients in the incoherent basis. Because, otherwise, \|*c*〉 and \|*d*〉 are incoherent states and conditions ([2](#Equ2){ref-type=""}) and ([3](#Equ3){ref-type=""}) cannot be satisfied. For this to be possible the dimension of the Hilbert space has to be more than 3. We are going to restrict our analysis to this first case, i.e., we consider a Hilbert space of dimension equal to 4. For the states \|*a*〉 and \|*b*〉 there are only two possible situations: ([1](#Equ1){ref-type=""}) they have three and one non-null coefficients in the incoherent basis, or ([2](#Equ2){ref-type=""}) they have two non-null coefficients in the incoherent basis.
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For these two cases we will obtain necessary and sufficient conditions for coefficients $\documentclass[12pt]{minimal}
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Clearly, since the state \|*a*〉 is an incoherent state, it satisfies the condition ([2](#Equ2){ref-type=""}). On the other hand, the coherent state \|*b*〉 satisfies the condition ([3](#Equ3){ref-type=""}) if and only if $\documentclass[12pt]{minimal}
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Under these constraints we obtain the following proposition:

Proposition 1. {#FPar1}
--------------
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Under these constraints we obtain the following proposition:

Proposition 2. {#FPar2}
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-----------------------------------------------------------
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Discussion {#Sec4}
==========

Quantum coherence is not only a fundamental notion of quantum mechanics, but also a useful quantum resource used in quantum information processing. Since coherence is a consequence of the superposition principle, it is relevant to understand how the coherence of a superposition of coherent states is related with the coherence of the superposed states.

In this work, we have considered two pure initial states and two pure final coherent states, such that the former ones cannot be transformed into the latter ones by means of incoherent transformations. In this situation, we have analyzed the conditions for the existence of superpositions of the initial states that can be transformed into superpositions of the final states. In particular, we have considered superpositions of quantum states belonging to orthogonal subspaces. By appealing to the majorization theory, we have obtained the necessary and sufficient conditions so that the transformations under consideration are possible.

For the initial superposition state we have considered two cases: (1) The initial states is a superposition of two states, each one with two non-null coefficients in the fixed basis. (2) The initial states is a superposition of two states, with one and three non-null coefficients in the fixed basis, respectively. For the final state, we have considered a superposition of two coherent states, each one with two non-null coefficients in the fixed basis. In Propositions 1 and 2, we have obtained necessary and sufficient conditions for such transformations to be possible.

Finally, we have provided two examples that illustrate the difference between the conditions obtained in Propositions 1 and 2, and the necessary criterion based on the relative entropy of coherence.

Methods {#Sec5}
=======

*Proof of Proposition* 1:

From the majorization condition ([1](#Equ1){ref-type=""}) and some algebra, we have$$\documentclass[12pt]{minimal}
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*Proof of Proposition* 2:

From the majorization condition ([1](#Equ1){ref-type=""}) and some algebra, we have$$\documentclass[12pt]{minimal}
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